Let v be a product of at most three not necessarily distinct primes. We prove that there exists no strong external difference family with more than two subsets in abelian group G of order v, except possibly when G = C 3 p and p is a prime greater than 3 × 10 12 .
Introduction
and is a (v, m, k, λ)-strong external difference family (SEDF) in G if
Clearly, a (v, m, k, λ)-SEDF is necessarily a (v, m, k, mλ)-external difference family. Note that in any group G of order v, there always exists a (v, v, 1, 1)-SEDF by partitioning G into v disjoint subsets, each with one single element. From now on, whenever an SEDF is mentioned, we always mean nontrivial SEDF, i.e., SEDF satisfying k > 1.
As noted in [12, p. 25 ], there is a fundamental difference between SEDFs with m = 2 and m > 2. When m = 2, there are a few known infinite families, see [1, Section 4] , [9, Theorem 5.6] and [18, Example 2.2] . Indeed, some SEDFs with m = 2 have been constructed before this terminology was invented, see [7, Section 3] and [8, Proposition 2.1] .
In contrast, when m > 2, there is only one known example of such SEDF. More precisely, there is a (243, 11, 22, 20) -SEDF in the group C 5 3 , which was discovered by two groups of researchers independently and simultaneously [12, Theorem 3.1] , [22, Theorem 3.6 ]. In the following, we summarize some nonexistence results of SEDF with m > 2. (e) G = C p , where p is a prime [16, Theorem 3.9 ].
(f ) G = C p 2 , where p is a prime [1, Theorem 3.7 ].
(g) There is a prime p dividing v for which gcd(km, p) = 1 and m ≡ 2 (mod p) [ · gcd(k, v − 1) = 1 [12, Lemma 1.5] .
· v − 1 is square-free [11, Proposition 2.7] .
· v is a product of distinct primes and gcd(mk, v) = 1 [1, Lemma 1.7] .
Note that the first three results are direct consequences of Proposition 1 (c) and the basic Equation ( 2) displayed below. The last one follows easily from Proposition 1 (g). Hence, we do not include them in Proposition 1.
In addition, some more involved nonexistence results of SEDF with m > 2, including exponent bounds, have been presented in [12, Section 5] . For a comprehensive summary of known results about SEDF, please refer to [12, Section 1] . So far, the research in this area mostly focuses on SEDFs in abelian groups. On the other hand, a recent paper initiates the study of SEDFs in nonabelian groups [11] . It is worthy to note that various extensions of SEDFs have been intensively investigated in [10, 15, 18, 21, 22] .
According to [12, Remark 5.17 ], a numerical experiment shows that there exists no (v, m, k, λ)-SEDF with v ≤ 10 5 and m ∈ {5, 6}. In addition, except the aforementioned example in C 5 3 , there are only 70 plausible parameter sets of (v, m, k, λ)-SEDF with v ≤ 10 4 and m > 2. All these results indicate that SEDF with m > 2 is very rare.
In this paper, we focus on the nonexistence of SEDF with m > 2. Our main result is as follows.
Theorem 3. Let v be a product of at most three not necessarily distinct primes. Then there exists no (v, m, k, λ)-SEDF in G with m > 2, except possibly when G = C 3 p and p is a prime greater than 3 × 10 12 .
The proof of Theorem 3 is highly nontrivial. We need to develop new method to study SEDF. We believe our techniques can further be applied in getting more deep results in this area. To illustrate that, we will also prove the following in Section 6. The rest of this paper is organized as follows. Section 2 includes some basic knowledge about SEDF. Section 3 investigates the relations among the parameters of an SEDF, which are crucial to establish our main result. Sections 4, 5 and 6 deal with the cases where the group order has three, two and one distinct prime factors respectively. Section 7 presents some concluding remarks.
Preliminaries
For the rest of this paper, we consider (v, m, k, λ)-SEDF in an abelian group G with m > 2. We always use {D i | 1 ≤ i ≤ m} to denote such SEDF and use D to denote the summation m i=1 D i . In this section, we shall derive some basic properties of such SEDF.
Note that the Equation (1) can be written as
Applying the principal character gives us the basic equation
Moreover, let χ be a nonprincipal character of G. Then
for any 1 ≤ j ≤ m. A crucial observation is to distinguish nonprincipal characters depending on whether χ(D) = 0. Define
Then G can be partitioned as disjoint union
We also define ℓ χ to be the number of times that a χ appears in the multiset
The following lemma gives some basic property of nonprincipal characters of G.
Proof. Part (a) follows from the definition of G 0 and Equation ( 
Note that m−2 = (ℓ χ −1)+(m−ℓ χ −1) = (m−ℓ χ −1)( λ aχ +1). Therefore, aχ gcd(λ,aχ) (m−2) = (m−ℓ χ −1) λ+aχ gcd(λ,aχ) . We conclude that λ+aχ gcd(λ,aχ) |(m−2).
Proof. For i ∈ {1, 2}, let
In view of Lemma 5 (c), it suffices to show that there exist i ∈ S 1 and j ∈ L 1 such that one of them is in S 2 and the other one is in L 2 . Suppose this does not hold. Fix i 0 ∈ S 1 and j 0 ∈ L 1 . Then, without loss of generality, assume that i 0 ∈ S 2 and therefore
, · · · , m} and so L 2 = ∅, which contradicts Lemma 5 (b).
For an element g ∈ G, the orbit containing g is defined to be
where o(g) denotes the order of g. We now show that if A ∈ Z[G] such that χ(A) ∈ Q for any χ ∈ G, then A is a union of orbits.
Proof. For each t with gcd(t, |G|) = 1, we have σ t ∈ Gal(Q(ζ exp(G) )/Q), where σ t (ζ exp(G) ) = ζ t exp(G) and ζ exp(G) ∈ C is a primitive exp(G)-th root of unity. Since χ(A) ∈ Q, we have χ(A (t) ) = (χ(A)) σt = χ(A). By Fourier inversion formula, A (t) = A for each t with gcd(t, |G|) = 1 and therefore, A is a union of orbits. In particular, by Lemma 5,
Relations Among the Parameters of SEDF
In this section, we are going to derive some fundamental relations among the parameters of SEDF, which will be frequently used later. The next theorem gives a very important bound on k. Surprisingly, the result is not recorded earlier.
In particular, λ < k < 2λ.
by Lemma 5 (b) and Corollary 6. It then follows that
where the first inequality follows from Equation (2) and
The fact that k > λ follows from Proposition 1 (c).
The bound in Theorem 9 is another fundamental results relating λ and k. For example, [12, Corollary 5.6 ] is an easy consequence of Theorem 9. Not only that, several inequalities obtained in the proof are very useful as well.
As an illustration, we record another immediate consequence:
Proof. Considering Equation (2), either λ|k or λ|(m − 1). As λ < k < 2λ by
, a < λ and a|λ 2 , which leads to a = 1. By Corollary 6,
Remark 11. (a) As a (v, m, k, λ)-SEDF consists of m mutually disjoint k-subsets of a group of order v, it is clear that v > mk > mλ.
(b) In view of Proposition 1 (a), Theorem 9, and Corollary 10, we have
In order to prove the main result, we need to understand the relation between the prime divisors of the group order v and other parameters of an SEDF. In the rest of this section, we achieve this goal by considering characters of certain special orders. The next lemma deals with characters of prime power orders. Lemma 12. Suppose p is a prime dividing v and there exists a character χ ∈ G of order p α for some α ∈ Z >0 .
(a) Suppose χ ∈ G 0 , then p|mk. If p ∤ k, then p|m and p ≤ m. Furthermore, if p ∤ k and p is odd, then p α |m and in particular p α ≤ m.
and in particular p 2 + 2 ≤ m.
Proof. Let H = ker(χ). Then χ induces a character of order p α on G/H. By abuse of notation, we denote the induced character by χ as well. Let
Using a similar argument as before, we obtain p|(m − 2)k. Now we prove the last statement of (a). If χ ∈ G 0 , p ∤ k and p is odd, then p|m and p ∤ (m − 2)k. Hence, each character of order p t is in G 0 , where 1 ≤ t ≤ α. Therefore, τ (π(D)) = 0 for each nonprincipal character τ on G/H. By Fourier inversion formula, π(D) = β(G/H) for some β ∈ Z >0 . Hence, p α |m.
It remains to prove the last statement of (b). If χ ∈ G N , p ∤ k and p is odd, using a similar argument as before, two characters of order p and p 2 , say
Using the above lemma, we have the following restrictions when the group order is a product of two or three not necessarily distinct primes.
Corollary 13.
Suppose v = pqt where p, q are distinct primes and t = 1 or t being a prime.
(a) If t = 1, then gcd(pq, k) = 1. If t ∈ {p, q}, then gcd(pq, k) = 1 or gcd(pq, k) = min(p, q). In the latter case, t = max(p, q).
Proof. (a) If t = 1, then gcd(pq, k) = 1. Otherwise, without loss of generality, suppose gcd(pq, k) = p. By Lemma 12, we have m ≥ q. Hence, mk ≥ pq = v, contradiction. Similarly, if t ∈ {p, q}, we may assume p|k and q ∤ k. By Equation (2) and Lemma 12, p 2 |λ and m ≥ q. This is impossible unless v = pq 2 and q > p = gcd(pq, k). Hence, gcd(pq, k) = min(p, q) and t = max(p, q).
(b) Without loss of generality, we suppose otherwise that pq|k. If t|k, then k ≥ pqt = v, contradiction. So, t ∤ k. By Lemma 12, m ≥ t. This leads to mk ≥ pqt = v, which is impossible.
Considering character with prime order in G N , we have the following more detailed information. Proof. (a) Let H := G/ ker(χ) and π : G → H be the natural projection.
Note that χ has prime order p.
Thus, for any
If gcd(λ, a χ ) = 1, then as a χ |λ 2 , a χ = 1 and p ≤ λ + 1. Next, we consider character χ pq of order pq where p and q are distinct primes. Clearly, χ p := χ q pq is of order p and χ q := χ p pq is of order q. For convenience, we define
Lemma 15. Let χ pq be a character of order pq in G. Let χ p , χ q , a p , a q and a pq be as defined above. Then the following holds.
(a) q|(a p − a pq ).
(b) If χ p ∈ G 0 and χ pq ∈ G N , then q|(λ − a pq ). In particular, q < λ.
(c) If χ pq ∈ G 0 and χ p ∈ G N , then q|(λ − a p ). In particular, q < λ.
(d) If χ p ∈ G 0 , χ q , χ pq ∈ G N , q ∤ k and q is odd, then λ > max(p, q) and m ≥ q(q + 2) + 2.
(e) If χ p , χ pq ∈ G 0 , χ q ∈ G N and gcd(pq, k) = 1, then λ ≥ max(p+1, q −1) and there exists a positive integer x such that m = (px − 1) λ a q + 1 + 2.
Proof. Let H = ker(χ pq ). Since χ pq has order pq, then G/H is cyclic and of order pq. Let π : G → G/H be the natural projection. Note that
for some a i,0 , a i,1 , a i,2 , a i,3 ∈ Z ≥0 , where C * p , C * q and C * pq are subsets of G/H consisting of elements of order p, q and pq respectively. Observe that χ pq (C * p ) = χ pq (C * q ) = −1 and χ pq (C * pq ) = 1 as well as χ p (C * p ) = −1, χ p (C * q ) = q − 1 and χ p (C * pq ) = −(q − 1). Therefore,
Note that a pq ≤ λ and equality holds if and only if χ pq ∈ G 0 . Similarly, a p ≤ λ and equality holds if and only if χ p ∈ G 0 . In all cases, there exists 1 ≤ i ≤ m such that χ pq (π(D i D (−1) i )) = a pq and χ p (π(D i D (−1) i )) = a p and we prove (a). Parts (b) and (c) follow immediately from (a).
We now consider (d). By (b), we have λ > q. By (a), we conclude that p|(a q − a pq ). If a q = a pq , then λ > p and therefore, λ > max(p, q). We claim that a q = a pq leads to q = 2. Since χ p ∈ G 0 and χ q ∈ G N , we conclude from (a) that q|(λ − a pq ) and from Lemma 14 (a) that q|(λ + a q ). Consequently, q|2λ. Since q ∤ k, then q ∤ λ by Lemma 14 (b). Hence, we derive q = 2, which is impossible.
Furthermore, by Lemma 12 (b) and Corollary 6, q|(m−2) and λ+apq gcd(λ,apq) |(m− 2). Recall that q|(λ − a pq ) and q ∤ 2λ. Thus, q ∤ (λ + a pq ) and q λ + a pq gcd(λ, a pq ) |(m − 2).
Note that q ∤ gcd(λ, a pq ) as q ∤ λ. Therefore, q| λ−apq gcd(λ,apq) and λ+apq gcd(λ,apq) ≥ λ−apq gcd(λ,apq) + 2 ≥ q + 2. Hence, m ≥ q(q + 2) + 2.
To show (e), note that by Part (c), p|(λ − a q ) and p < λ. By Lemma 14 (b), λ ≥ q − 1. Hence, λ ≥ max(p + 1, q − 1). Recall that there exists an integer t such that m − 2 = t( λ aq + 1). Therefore m = t( λ a q − 1) + 2(t + 1).
As gcd(p, k) = 1, gcd(p, λ) = 1 and gcd(p, a q ) = 1. Hence, p divides the integer t λ−aq aq = t( λ aq − 1). Note that χ p ∈ G 0 and therefore, p|m and hence p|(t + 1). Thus, there exists a positive integer x such that t = px − 1.
v Has Three Distinct Prime Factors
In this section, we shall show the nonexistence of (pqr, m, k, λ)-SEDF, where m > 2 and p, q, r are three distinct primes.
Theorem 16. Let p, q, r be three distinct primes. Then there exists no (pqr, m, k, λ)-SEDF with m > 2.
Proof. In view of Corollary 13 (b), we may assume either gcd(pqr, k) = p or gcd(pqr, k) = 1. We use χ p , χ qr , χ q := χ r qr and χ r := χr to denote characters of G with order p, qr, q and r, respectively.
Case (1): gcd(pqr, k) = p. Since p|k, we have p 2 |λ and k > λ ≥ p 2 . By Lemma 12, we have q|m or q|(m−2), as well as r|m or r|(m−2). Clearly, qr|m or qr|(m − 2) does not hold. Hence, without loss of generality, we assume q|m and r|(m − 2). Thus, χ q ∈ G 0 and χ r ∈ G N . Since mk > max(p 2 q, p 2 r), to ensure mk < pqr, we have p < min(q, r). We have the following two subcases.
Case (1a): χ qr ∈ G N . Since r is odd, by Lemma 15 (d), m > r 2 and λ > q. Therefore, mλ > qr 2 > pqr, contradiction.
Case (1b): χ qr ∈ G 0 . Let a r := min{|χ r (D i )| 2 | 1 ≤ i ≤ m} and d := gcd(λ, a r ). By Lemma 14 (b), r| λ+ar d and λ > rd 2 . By Lemma 15 (e), m > (q − 1)( λ ar + 1) and k > λ ≥ r − 1. Therefore,
Note that p 2 |λ. If p 2 ∤ a r , we have λ ar + 1 ≥ p + 1 and mk > (q − 1)(p + 1)r = (pq+q−p−1)r ≥ pqr, contradiction. If p 2 |a r , then p 2 |d and mk > (q−1)rp 2 ≥ pqr, contradiction.
Case (2): gcd(pqr, k) = 1. Clearly, χ p , χ q and χ r cannot be all in G 0 or all in G N . If two of them, say χ p and χ q , are in G 0 and χ r is in G N , then pq|m and k ≥ λ + 1 ≥ r by Lemma 14 (b). Consequently, mk ≥ pqr, contradiction. If two of them, say χ p and χ q , are in G N and χ r is in G 0 , then pq|(m − 2). Note that at least one of p and q is odd. Considering a character of order pr or order qr, by Lemma 15 (d) (e), we have k > λ > r. Hence, mk > pqr, contradiction.
v Has Two Distinct Prime Factors
In this section, we show that there is no (v, m, k, λ)-SEDF with m > 2 when v = pq or pq 2 for distinct primes p and q. Theorem 17. Let p and q be distinct primes. Then there exists no (pq n , m, k, λ)-SEDF with m > 2 and n ∈ {1, 2}.
Proof. Suppose gcd(pq, k) = 1. Then by Corollary 13 (a), we must have gcd(pq, k) = p, p < q, and v = pq 2 . By Lemma 12, m = βq + 2 or m = βq for some β ∈ Z >0 . Hence, e := gcd(m−1, pq 2 −1) = gcd(βq±1, p−β 2 ) ≤ |p−β 2 |. Note that p|k and p 2 |λ. Write k = pk ′ and λ = p 2 λ ′ for some k ′ , λ ′ ∈ Z >0 . Equation (2) gives
contradiction. Thus, we have gcd(pq, k) = 1. In view of Lemma 12 and Remark 11 (b), mk ≥ 5p. Therefore, q > 2. We have the following two cases.
Case (1): q|m. By Lemma 12 (a), q n |m. Clearly, p ∤ m, and so p|(m − 2). Thus, there exists a character of order p in G N . By Lemma 14 (b), p ≤ λ + 1 ≤ k. Therefore, mk ≥ pq n , contradiction.
Case (2): q|(m − 2). As q > 2, q ∤ m. So there exists a character of order q in G N and by Lemma 14 (b), q ≤ λ + 1 ≤ k. Clearly, p ∤ (m − 2), so p|m and each character of order p is in G 0 .
We claim that any character of order pq is in G 0 . Otherwise, since q is odd, we can apply Lemma 15 (d) to conclude that λ > p and m ≥ q(q+2)+2. So, mk > mλ > pq 2 , contradiction.
Let χ q be a character of order q. For convenience, we denote a χq by a q . Let d := gcd(λ, a q ). As a q |λ 2 , it follows that a q |d 2 . By Lemma 15 (e), λ > p and there exists a positive integer x such that m = (px − 1) λ a q + 1 + 2.
If the Sylow q-subgroup of G is cyclic, then by Lemma 12 (b), q n |(m − 2) and thus mk > mλ > pq n . Thus, we must have G = C p × C q × C q . Note that q ∤ λ, by Lemma 14 (b), we have λ + a q = dqy for some integer y. Therefore, λ ≥ dqy 2 and
It follows that (x, d 2 /a q , y) ∈ {(2, 1, 1), (1, 2, 1), (1, 1, 1)}.
If (x, d 2 /a q , y) = (2, 1, 1), then m = 2p−1 d q + 2, λ + a q = qd and a q = d 2 .
contradiction. Similarly, we rule out the case (x, d 2 /a q , y) = (1, 2, 1 ). Finally, we consider (x, d 2 /a q , y) = (1, 1, 1) . Then m = p−1 d q + 2, λ + a q = qd and a q = d 2 . Note that G N consists of characters of order q. Since G = C p × C q × C q , there exists q + 1 characters χ q,j , 1 ≤ j ≤ q + 1, of order q, such that G N = q+1 j=1 ω(χ q,j ), where ω(χ q,j ) is the orbit containing character χ q,j .
Note that for each 1 ≤ j ≤ q + 1, a χ q,j = a q = d 2 and d = q(p−1)
aq . Thus, mz = p(q + 1).
As q|(m − 2), there exists β ∈ Z >0 such that m = βq + 2. If β ≥ p, then m > pq. Recall that k ≥ q, and so mk > pq 2 , contradiction. Thus, β < p and (βq + 2)|p(q + 1). Note that gcd(βq + 2, q + 1) = gcd(β − 2, q + 1). 
v is a Prime Power
In this section, we consider (p n , m, k, λ)-SEDF in G with m > 2 and p being a prime. We shall show the nonexistence of such SEDF with n ∈ {1, 2}. When n = 3, we derive strong restrictions on its parameters. The approach we used crucially depends on the exponent of G. Hence, first of all, we consider the case of G being cyclic, in which we establish the nonexistence of (p n , m, k, λ)-SEDF in G = C p n with m > 2 and n ≥ 1.
We start with some notation. Let p be a prime and n be a positive integer. Suppose G = C p n . For 0 ≤ i ≤ n, let P i denote the unique subgroup of G of order p i . For 0 ≤ i ≤ n, let χ i be a character of order p i and define π i : G → G/P i to be the natural projection. For 0 ≤ i ≤ n, χ i induces a character χ ′ i of order p i on G/P n−i satisfying χ i = χ ′ i • π n−i . For 0 ≤ i, j ≤ n with i ≤ n−j, let Q i,j denote the unique subgroup of order p i in the quotient group G/P j . The following preparatory lemma deals with the divisibility of character sums in cyclic group of prime power order.
Lemma 19. Let G = C p n for some prime p and A = g∈G a g g ∈ Z[G].
In particular, we have p ℓ |χ i (A) for any 0 ≤ i < s 1 and p ℓ | g∈G a g .
Proof. We shall do a backward induction on j. For j = ℓ, we note that χ ′ s ℓ (π n−s ℓ (A)) = χ s ℓ (A) = 0, and so π n−s ℓ (
Note that p ℓ−j+1 χ ′ s j−1 (η(Y j )) = χ ′ s j−1 (η(π n−s j (A))) = χ s j−1 (A) = 0, so that χ ′ s j−1 (η(Y j )) = 0. Consequently, we have η(Y j ) = Q 1,n−s j−1 Y j−1 for some Y j−1 ∈ Z[G/P n−s j−1 ]. Thus, π n−s j−1 (A) = p ℓ−j+1 η(Y j ) = p ℓ−(j−1) Q 1,n−s j−1 Y j−1 , completing the induction.
For any 0 ≤ i < s 1 , we have π n−i = η i • π n−s 1 , where η i : G/P n−s 1 → G/P n−i is the natural projection. Therefore,
). In particular, taking i = 0 gives p ℓ | g∈G a g .
We are now ready to prove Theorem 4, stating that for a prime p, there exists no (p n , m, k, λ)-SEDF in the cyclic group G = C p n with m > 2.
where P is the unique order p cyclic subgroup of G. As D i and D j are disjoint, we see that D i is a union of P -cosets. So, χ n (D i ) = 0, contradicting Lemma 5 (b). Thus, χ n ∈ G 0 and so p|mk. On the other hand, as G N = ∅, there exists 0 ≤ ℓ ≤ n − 1 such that χ ℓ ∈ G N . Then p|(m − 2)k and thus p|(2k).
We shall consider the case p|k first. In this case, p 2 |λ. As χ n ∈ G 0 , we have |χ n (D i )| 2 = λ is divisible by p 2 . As prime ideals above p are invariant under complex conjugation, we see that p|χ n (D i ). By Ma's Lemma [20, Lemma 1.5.1], D i = pX 0 + P X 1 for some X 0 , X 1 ∈ Z[G] having nonnegative coefficients. As any nonzero coefficient in D i is 1, we must have X 0 = 0 and D i = P X 1 is a union of P -cosets, which implies that χ n (D i ) = 0, contradicting Lemma 5 (a). Therefore, p ∤ k. As p|(2k), we must have p = 2 and k is odd. Let A := {1 ≤ i ≤ n|χ i ∈ G 0 } and B := {1 ≤ i ≤ n|χ i ∈ G N }. By Lemma 19 and 2 ∤ k, we have 2 |A| |m. If |B| = 1, then |A| = n − 1 and so 2 n−1 |m. As k ≥ 2, we then have mk ≥ 2 n , contradiction. Thus, |B| ≥ 2.
Let s, t ∈ B. By Lemma 7 there exist
Thus, by Lemma 19, 4|(m − 2)k and so 4|(m − 2). In particular, 4 ∤ m, so that |A| ≤ 1. As χ n ∈ A, we then have A = {n} and B = {1, 2, 3, · · · , n − 1}. By Equation (2), we also note that λ is odd, since m − 1 and k are both odd.
Thus, by Lemma 19, 2 |C| |(m − 2). We may write m = 2 |C| c + 2 for some c ∈ Z >0 . If |C| = n − 1, then 2 n−1 |(m − 2) and k ≥ 2 implies mk > 2 n , contradiction. Thus, |C| ≤ n − 2.
For any t ∈ B \ C, we have χ t (D i − D j ) = 0. So, by Lemma 19, 2 n−1−|C| |χ 1 (D i − D j ). Note that b := χ 1 (D i ) and χ 1 (D j ) = − λ b are integers. Without loss of generality, assume |χ 1 (D i )| < |χ 1 (D j )|. Then, |b||λ, |b| 2 < λ and b is odd as λ is odd. It follows that 2 n−1−|C| |( λ |b| + |b|), say λ |b| + |b| = 2 n−1−|C| d for some d ∈ Z >0 . Suppose |b| ≥ 3. Then 2 n−1−|C| d = λ |b| + |b| ≤ λ 3 + 3 and so λ ≥ 3 · 2 n−1−|C| d − 9. As k > λ and both k and λ are odd, we have k ≥ λ + 2. Thus,
This is possible only if 2 n−1 d ≤ 5 · 2 |C| . Consequently, 5 ≥ 2 n−1−|C| d = λ |b| + |b| > 2|b| ≥ 6, contradiction. Thus, |b| = 1 as b is odd. Therefore, λ = 2 n−1−|C| d − 1 and k ≥ λ + 2 = 2 n−1−|C| d + 1. Consequently,
This forces c = d = 1. Thus, m = 2 |C| + 2 and λ = 2 n−1−|C| − 1.
Since |b| = 1, we have |χ 1 (D i )| 2 = 1. By Corollary 6, (λ + 1)|(m − 2), i.e. 2 n−1−|C| |2 |C| and so |C| ≥ n−1 2 . Consider the equation (m − 1)k 2 = λ(2 n − 1).
If |C| = n−1 2 , then as (m−1)|λ(2 n −1), we must have (2 (n−1)/2 +1)|(2 (n−1)/2 − 1)(2 n − 1). However, gcd(2 (n−1)/2 + 1, 2 (n−1)/2 − 1) = 1 and (2 (n−1)/2 + 1) ∤ (2 n − 1), contradiction. If |C| = n 2 , then k 2 = λ(2 n −1) m−1 = (2 n 2 −1 − 1)(2 n 2 − 1). As gcd(2 n 2 −1 − 1, 2 n 2 − 1) = 1, we see that 2 n 2 − 1 is a square. This is possible only if n = 2, which leads to k = 0, contradiction. Therefore, |C| > n 2 . As 2 |C| ≡ −1 (mod 2 |C| +1), there exists an integer 0 ≤ e ≤ |C| such that −2 2n−2|C|−1 ≡ ±2 e (mod 2 |C| + 1). As (m − 1)|λ(2 n − 1), we have 0 ≡ (2 n − 1)(2 n−1−|C| − 1) ≡ −(2 n−|C| + 1)(2 n−1−|C| − 1) ≡ −2 2n−2|C|−1 + 2 n−1−|C| + 1 ≡ ±2 e + 2 n−1−|C| + 1 (mod 2 |C| + 1). But e ≤ |C| and n − 1 − |C| < |C| − 1, so that ±2 e +2 n−1−|C| +1 ≡ 0 (mod 2 |C| +1), contradiction. We have completed the proof of Theorem 4.
In view of Theorem 4, what remains is the case where G is not cyclic. Next, we consider general p-group G and have the following lemma. Proof. By Lemma 8, D i D (−1) i is a union of orbits, i.e., the k 2 −k non-identity elements of D i D (−1) i is a union of orbits, where each orbit is of size divisible by p − 1. Therefore, (p − 1)|(k 2 − k). Now, assume that p ∤ k and p > 2. As G N = ∅, we have p|(m − 2) by Lemma 12 (b). If G 0 = ∅, then p|m so that p = 2, contradiction. Thus, G 0 = ∅.
For distinct 1 ≤ i, j ≤ m, by Lemma 8, D i D (−1) j is a union of orbits. Note that D i D (−1) j does not contain the identity element and each orbit is of size divisible by p − 1. We have (p − 1)|k 2 . As p − 1 divides both k 2 and k 2 − k, we conclude that (p − 1)|k.
Consequently, we can derive the nonexistence of (p n , m, k, λ)-SEDF with m > 2 and n ∈ {1, 2}.
Theorem 21. Let p be a prime. Then there exists no (p n , m, k, λ)-SEDF with m > 2 and n ∈ {1, 2}.
Proof. By [12, Remark 5.17], we may assume p > 2. The case n = 1 has been covered by Theorem 4. So, we may assume that n = 2. If p|k, then p 2 |λ and k > λ ≥ p 2 , contradiction. Suppose p ∤ k. Then by Lemma 20, (p − 1)|k and p|(m − 2). So, we may write k = (p − 1)k ′ and m = αp + 2 for some α, k ′ ∈ Z >0 . Note that mk ≥ αk ′ p(p − 1) ≥ p 2 unless α = k ′ = 1, i.e. k = p − 1 and m = p + 2. Equation (2) then implies that λ = p − 1 = k, contradicting Theorem 9.
For the (p 3 , m, k, λ)-SEDF, the following lemma rules out the case of G having rank 2.
Lemma 22. Let p be a prime. Then there exists no (p 3 , m, k, λ)-SEDF with m > 2 in the group G = C p × C p 2 .
Proof. By [12, Remark 5 .17], we may assume p > 2. If p ∤ k, then by Lemma 20, p|(m − 2), (p − 1)|k, and G 0 = ∅. By Lemma 7, there exist character χ p 2 ∈ G N of order p 2 and χ p := χ p p 2 ∈ G N of order p such that
Thus, p 2 |(m − 2)k and so p 2 |(m − 2) as p ∤ k. Then mk > p 3 , unless m = p 2 + 2 and k = p − 1. But by Equation (2), λ = (p−1) 2 (p 2 +1)
Thus, p|k and so p 2 |λ. In fact, p k and p 2 λ. Note that p 2 ∤ k, as otherwise p 4 |λ and k > λ ≥ p 4 , contradiction. Similarly, we have p 3 ∤ λ and p 3 ∤ a χ , and thus p 2 λ. Let φ : G → H ∼ = C p 2 be the natural projection. We claim that p 2 divides |χ(φ(D i ))| 2 for any χ ∈ H and any 1 ≤ i ≤ m. As p 2 λ, it suffices to show that p 2 divides a χ and λ 2 aχ . Let d = gcd(λ, a χ 
where P is the unique cyclic subgroup of order p in H. Thus, φ(D) = pX + P Y for some X, Y ∈ Z[H]. Let π : H → H/P be the natural projection. Then π(φ(D)) = p(π(φ(X)) + π(φ(Y ))). Let ψ ∈ H/P be a nonprincipal character. If the lift of ψ in G belongs to G 0 , then ψ(π(φ(X)) + π(φ(Y ))) = 1 p ψ(π(φ(D))) = 0. Consequently, p| mk p . As gcd(p, k p ) = 1, we must have p|m, which leads to mλ ≥ p 3 , contradiction. Similarly, if the lift of ψ in G belongs to G N , then p| (m−2)k p and so p|(m − 2). Thus, mλ > p 3 , contradiction.
Finally, what remains is (p 3 , m, k, λ)-SEDF in the elementary abelian group C 3 p . Although we are not able to settle down the nonexistence in this case, the following theorem greatly restricts the plausible parameter sets of such SEDFs. Proof. Part (a) follows from Theorem 4 and Lemma 22. By [12, Remark 5 .17], we may assume p > 2. We claim that p|k. For the sake of contradiction, suppose p ∤ k. By Lemma 20, we have (p − 1)|k and p|(m − 2). So, we may write k = (p − 1)k ′ and m = αp + 2 for some α, k ′ ∈ Z >0 . By Equation (2), we see that (p − 1)|λ(p 2 + p + 1). As gcd(p − 1, p 2 + p + 1) = gcd(p − 1, 3), we have p−1 gcd(p−1,3) |λ. Let w := gcd(p − 1, 3). We may write λ = p−1 w λ ′ for some λ ′ ∈ Z >0 . Equation (2) now becomes
Let c := gcd(1 + αp, 1+p+p 2 m = 2 + αp ≥ 2 + (p − 1)p. Note that there exists a character of order p in G N . By Lemma 14 (b), we have k > λ ≥ p − 1. Since (p − 1)|k, this implies k ≥ 2(p − 1). Thus, mk ≥ (2 + p(p − 1)) · 2(p − 1) ≥ p 3 . Therefore, w = 3 and uλ ′′ < 3. Hence, u, λ ′′ ∈ {1, 2}. By Equations (5) and (6), (k ′ ) 2 = λ ′′ · 1+p+p 2 3c . If λ ′′ = 2, then 4|(k ′ ) 2 , so that 2| 1+p+p 2 3c , contradicting the fact that 2 ∤ (1 + p + p 2 ). Thus, λ ′′ = 1. If u = 2, then 2|(α 2 − α + 1), contradiction. Therefore, u = 1. Consequently, α 2 − α + 1 = c = gcd(1 + αp, 1+p+p 2
3
) and moreover, α ≡ 2 (mod 3).
Otherwise, 3|(α 2 − α + 1) = c, contradicting 3 ∤ 1+p+p 2
. We now have
Let a := min{|χ(D i )| 2 |χ ∈ G N , 1 ≤ i ≤ m}. By Lemma 14 (a), p|(λ + a). Considering λ = p · λ+a p − a modulo p−1 w , we see that λ+a p ≡ a (mod p−1 w ), say λ+a p = a + x · p−1 w for some x ∈ Z. Then λ = p · λ + a p − a = p − 1 3 (3a + px).
If x = 0, then λ = (p − 1)a, so that 3|λ ′ = 1+αp α 2 −α+1 . Thus, 3|(1 + αp). But 3|(p − 1) and α ≡ 2 (mod 3), contradiction. Suppose x > 0. Then λ ≥ p−1 3 (p + 3). As m = αp + 2, we have mλ ≥ p−1 3 (p + 3) · (αp + 2) ≥ p 3 , unless α ∈ {1, 2}. As α ≡ 2 (mod 3), we must have α = 1. Therefore, λ ′ = 1+αp α 2 −α+1 = p + 1. Thus, p + 1 = λ ′ = 3a + px ≥ p + 3, contradiction. Thus, x < 0.
As λ > 0, we have a > p|x| 3 . Note that p 3 > mλ = (αp + 2)λ. So, λ < p 2 α . By Theorem 9, we have k < λ + 1 m ( λ 2 a + a) < λ + 1 m ( λ 2 a + λ). So,
Combining Theorems 16, 17, 23 and Result 24, we thus conclude our main result Theorem 3.
Concluding Remarks
We proved that there exists no (v, m, k, λ)-SEDF in G with m > 2 and v being a product of at most three not necessarily distinct primes, except possibly when G = C 3 p and p is a prime greater than 3 × 10 12 . When G = C 3 p , we derived various restrictions on the parameters, suggesting such SEDF does not exist. However, in order to prove its nonexistence, some new ideas are probably required.
Using the techniques developed in this paper, we may also derive further nonexistence results on SEDFs. For example, we are able to eliminate a number of plausible parameter sets of (v, m, k, λ)-SEDF in abelian groups listed in the table [12, Remark 5.17] . At this point, we conjecture that the (243, 11, 22, 20) -SEDF in C 5 3 constructed in [12, 22] is the only SEDF with v ≤ 10 4 and m > 2.
